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P-ADIC MULTIPLE ZETA VALUES I 
P-ADIC MULTIPLE POLYLOGARITHMS AND THE p-ADIC 

KZ EQUATION 



HIDEKAZU FURUSHO 



Abstract. Our main aim in this paper is to give a foundation of the theory of 
p-adic multiple zeta values. We introduce (one variable) p-adic multiple poly- 
logarithms by Coleman's p-adic iterated integration theory. We define p-adic 
multiple zeta values to be special values of p-adic multiple poly logarithms. We 
consider the (formal) p-adic KZ equation and introduce the p-adic Drinfel'd 
associator by using certain two fundamental solutions of the p-adic KZ equa- 
tion. We show that our p-adic multiple polylogarithms appear as coefficients 
of a certain fundamental solution of the p-adic KZ equation and our p-adic 
multiple zeta values appear as coefficients of the p-adic Drinfel'd associator. 
We show various properties of p-adic multiple zeta values, which are sometimes 
analogous to the complex case and are sometimes peculiar to the p-adic case, 
via the p-adic KZ equation. 
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0. Introduction 

The aim of the present paper and the upcoming papers jF2j and jF3| is to en- 
lighten crystalline aspects of the fundamental group of the projective line minus 
three points and add crystalline part to jFlj . In this paper, we will introduce the 
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notions of (one- variable) p-adic multiple poly logarithms, p-adic multiple zeta val- 
ues, p-adic KZ equation and p-adic Drinfel'd associator, which will be our basic 
foundations of F2 and F3 , and show their various properties and their relation- 
ships. 

Let /ci, • ■ • , fcm e N. The (usual) multiple zeta value is the real number defined 
by the following series 

(0.1) c(fci,---,fc„)= ^ ■ 

0<ni<-<n,„"'l 

Especially in the case when m = 1, the multiple zeta value coincides with the 
Riemann zeta value We can check easily that this series converges in the 

topology of R if and only if fc„i > 1, however, this series never converges in the 
topology of Qp! Thus it is not so easy and not so straightforward to give a definition 
of p-adic version of multiple zeta value. To give a nice definition, we need another 
interpretation of multiple zeta values. 

Suppose z G C. The (one variable) multiple polylogarithm is a function defined 
by the following series 

Liu,,.. ,k^{z) = — k:: 

0<ni<---<n„'^l ■■■'^"1 

Especially in the case when m — 1, the multiple polylogarithm coincides with the 
classical polylogarithm Lik{z). Easily we see that this series converges for \z\ < 1. 
In i i2.2l we will define the p-adic multiple polylogarithm to be the function defined 
by the above series just replacing z e C by z G Cp. We remark that especially 
in the case when to = 1, the p-adic multiple polylogarithm is equal to the p-adic 
polylogarithm £k{z) which was studied by Coleman What is interesting is that 
this p-adic multiple polylogarithm converges for \z\p < 1 similarly to the above 
complex case. Here | • \p means the standard multiplicative valuation of Cp. 

An important relationship between the multiple polylogarithm and the multiple 
zeta value is the following formula: 

(0.2) C(fci>--- ,^m) = limLzfe fc^(z) 

\z\<l 

In this paper, we will define the p-adic multiple zeta value a la formula (|().2(l in- 
stead of a la (|0.1|l . But we note that here happens a serious problem because the 
open unit disk centered at on Cp and the one centered at 1 on Cp are disjoint! 
Thus we cannot consider lim of p-adic multiple polylogarithms which are functions 

defined on \z\p < 1, i.e. on the open unit disk centered at 0. To give a meaning of 
this limit, we will make an analytic continuation of p-adic multiple polylogarithms 
by Coleman's p-adic iterated integration theory [C] and then define p-adic multi- 
ple zeta values to be a limit value at 1 of analytically continued p-adic multiple 
polylogarithms . 

The organization of this paper is as follows, devoted to a short review of 

well-known results on (usual) multiple polylogarithms and multiple zeta values and 
definitions of the KZ equation and the Drinfel'd associator, which will play a role 
of prototype in the p-adic case in the following two sections. 
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In iJ21 we will introduce p-adic multiple zeta values and show their many nice 
properties. At first, we will review Coleman's p-adic iterated integration theory [2] 
in W2.l\ and then in we will give an analytic continuation of p-adic multiple 
polylogarithms (which is just a multiple analogue of that of his p-adic polyloga- 
rithms ik{z) in C ) to the whole plane minus 1, i.e. Cp — {!}, by his integration 
theory. But we will see that there happens a terrible problem that the analytically 
continued p-adic multiple polylogarithm admits too many (uncountably infinite) 
branches iz^^ ... (z) (fci, • • • , A;,„ G N, z G Cp — {!}) which correspond to each 
branch parameter a G Cp, coming from branch log°'{z) of p-adic logarithms (see 
i l2.2|l . However the following theorem in H2. 31 will remove our anxiety. 
Theorem [2A3l // lim' Li^^ ,.. k,Jz) converges on Cp, its limit does not de- 
zeCp-{i} 

pend on any choice of branch parameter a G Cp. For lim', see Notation \2.1S\ 

By this theorem, we can give a definition of the p-adic multiple zeta value Cp(fci, • • • , ^m) 

to be the above limit on Cp as follows. 

DefinitionEHH Cp(fci: • • ■ ,^m) := hm' Li^ ,,, ^ {z) ^ Cp if it converges. 

zGCp-{l} 

This definition of p-adic multiple zeta value is actually independent of any choice 
of branch parameter a G Cp by Theorem 12. 181 Especially, in the case when to = 1, 
we shall see in Example 12.191 (due to Coleman [C]) that the p-adic multiple zeta 
value is equal to the p-adic L- value up to a certain constant multiple. The following 
three theorems in ii2.3l arc p-adic analogues of basic properties, Lemma IlHI Lemma 
11.91 and Proposition II. Ill in the complex case. 

Theorem 12.181 lim' Li'^_^ ... k^i^) converges on Cp if > 1- 

zeCp-{i} 

Theorem EISll Cpih, ■ ■ ■ ,k,n) G Qp. 

Theorem 12.281 The product of two p-adic multiple zeta values can be written as 
a Q-linear combination of p-adic multiple zeta values. 

In ^ we will consider the p-adic KZ equation and introduce the p-adic Drinfel'd 
associator which will play a role of main tools to prove Theorem l2.18l Theorem l2.22l 
and Theorem 12. 281 In t l3.1l we will introduce the p-adic KZ equation in Definition 
13.21 and prove the following. 

Theorem 13.31 Let a G Cp. Then there exists a unique solution Gq{A,B){z) 
(z G P^(Cp)\{0, 1, oo\) of the p-adic KZ equation which is a formal power series 
whose coefficients are Coleman functions with respect to a & Cp and are locally an- 
alytic on P"'^(Cp)\{0, 1, oo} and satisfies a certain asymptotic behavior G§(z) « z^ 

(z^O), where := 1 + '-^^A + a2£MfA^ + • • • . 

Then we will introduce a definition of p-adic Drinfel'd associator ^^j^^{A,B) from 
two fundamental solutions, G^{u) and Gi{u), of the p-adic KZ equation in Defini- 
tion 13.121 and show its branch independency in Theorem 13. 101 In ii3.2l we will state 
precisely and prove the following. 

Theorem l3.15l Leta G Cp. The fundamental solution G^{z) (z G P^(Cp)\{0, 1, oo}^ 
of the p-adic KZ equation can be expressed in terms of (analytically continued) p- 
adic multiple polylogarithms Li'^ (z) and the p-adic logarithm log°'{z) explic- 

itly. 

In H3.3I we will state precisely and prove the following. 

Theorem l3.3Ul The p-adic Drinfel'd associator ^^^(yl, i?) can be expressed ex- 
plicitly in terms of p-adic multiple zeta values. 
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In i lr{.4l we will show functional equations of p-adic multiple polylogarithms at first. 
Theorem lOol 



where W = A''^^-^BA''"-^-^B ■ ■ ■ A''^-^B. Here each Ip{W") is a certain Q- 
linear combination of p-adic multiple zeta values (see Theorem and each 

Jp (t(W^'))(z) is a certain combination of p-adic multiple polylogarithms (see The- 
orem \,'ll^} . 

Next we will see that especially Coleman-Sinnott's functional equation of the p-adic 
dilogarithm will be re-proved in Example 13 . 4 1 1 by Theorem l3 . 401 and then will prove 
Theorem and Theorem ^TM 

In the upcoming paper [F2| . we will relate the p-adic Drinfel'd associator with 
the crystalline Frobenius action on the rigid (unipotent) fundamental group of the 
projective line minus three points and compare the p-adic Drinfel'd associator with 
other corresponding objects in various realizations of motivic fundamental groups 
of the projective line minus three points. In |F3,, certain algebraic relations among 
p-adic multiple zeta values are shown. We will show there that the p-adic Drinfel'd 
associator determines a point of the Grothendieck-Teichmiiller group and discuss 
the elements of Ihara's stable derivation algebra arising from this point and finally 
we will add crystalline part to |F1| . 

Acknowledgments . The author wish to thank his advisor Professor Akio Tamagawa 
for his encouragement. The author is grateful to Hiroshi Fujiwara who helped the 
author to type this manuscript. The author is supported in part by JSPS Research 
Fellowships for Young Scientists. 



We shall review definitions of multiple polylogarithms and multiple zeta values 
in ^1.11 and shall recall notions of the KZ equation and the Drinfel'd associator 
briefly in ^1.2[ which may help to understand its p-adic version developed in the 
following two sections. 

1.1. Multiple polylogarithms and multiple zeta values. We review briefly 
definitions and properties of multiple polylogarithms and multiple zeta values. For 
more details, consult \F0\ and jGon| for example. 
Let fci, • • ■ , fcm g N and z G C. 

Definition 1.1. The (one variable) multiple polylogarithm (MPL for short) is defined 
to be the following series: 



Remark 1.2. This MPL is the special case of the multiple polylogarithm 



L^l.■■■.kJ^ - ^) = (-1)™ E ^p(^") ■ Jpi^iW')){^) 



W ,W":words 
W=W'W" 



1. Review of the complex case 




introduced in \Gon\ where zi 
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Easily we can check the fohowing. 
Lemma 1.3. The MPL Liki,... ^km{z) converges for \z\ < 1. 
Lemma 1.4. Suppose that \z\ < 1. Then 

dr- /^ J 7^«fci,--,fc„-l(2) km^l, 

—Lik,,...,k^{z) = <^ ^ : 

dz \^—Liki,...,k^_-,[z) fc„ = 1, 

—Lii[z) = 



dz 1 — z 

By Lemm^Ql for |z| < 1, we get Lii{z) = —log{l — z) and the following, 

jLik^.... .k^-i{t)dt tm^l, 



Liki,-,k,„{z) 



Ja ihtLiki,... ,k^_Jt)dt fc™ = 1, 



from which we get an expression of the MPL by iterated integral of ^ and . Since 
^ and Y~t ^-dmit poles at f = 0, 1 and oo, we cannot give an analytic continuation 
of the MPL to the whole complex plane due to monodromies around 0, 1 and oo. 
However we can say that 

Lemma 1.5. The MPL Lik-^,--- ^k„A^) be analytically continued to the universal 
unramified covering Pi(C)\{0, 1, oo} of P"'^(C)\{0, 1, oo) . 

Since the simply-connected Riemann surface pi(C)\{0, 1, oo} is an infinite cov- 
ering of P^(C)\{0, 1, cxo}, each MPL admits {countahly) infinite branches. The 
following arc well-known ( for example, see jGonp . 

Lemma 1.6. lim Lzfej^ ... ^^^^ (z) converges if km ^ 1- 

\z\<l 

Lemma 1.7. limLjfc^_... fe„(z) diverges if km = 1- 

\z\<l 

Definition 1.8. For ki, ■ ■ ■ , km e N, km > 1, the multiple zeta value (MZV for 

short) is defined to be 

Ciki,---,km)^ lira Liki,... ,k^{z)\ = 

NI<1 



'1 



Since MPL's are C-valued functions, MZV's lie in C. However we can say more. 

Lemma 1.9. For fci, • • ■ , e N, A:,„ > 1, ({ki, ■ ■ ■ , km) G R. 

Notation 1.10. For each natural number w, let be the Q-vector subspace 
of R generated by all MZV's C(^ii ' • ■ j ^m) with ki + ■ ■ ■ + 

km — u)^ i.e. Z-nj ' — 

(C(fci, • ■ • , km) I ki + ■ ■ ■ + km = w)q C R, and put Zq — Q. Denote Z. to be the 
formal direct sum of Z^ for all w ^ 0: Z. := © Z^. 

The following is one of the fundamental properties of MZV's. 

Proposition 1.11. The graded Q-vector space Z. forms a graded Q-algebra, i.e. 
Za- Zb'Z Za+b for a, 6 ^ 0. 
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Proof . At least we have two proofs |Goii| . The first one is given by the harmonic 
product formulae, from which it foUows, for example, 

C(m) • C{n) = C(™5 ^) + CC*^! ™) + Cif^ + 
The other one is given by the shufFle product formulae, from which it follows, for 
example, 

({m) ■ C{n) = ^ i . jCim~i,n + i) + ^i . jC{n~j,m + j). 

□ 

1.2. The KZ equation and the Drinfel'd associator. In this subsection, we 
will briefly review the deflnition of the KZ equation and the Drinfel'd associator. 
For more detailed information on the KZ equation and the Drinfel'd associator, see 
[E], [Eni and Kas,. 

Let Aq = C{{A, B)) be the non-commutative formal power series ring generated 
by two elements A and B with complex number coefficients. 

Definition 1.12. The (formal) Knizhnik-Zamolodchikov equation ^ (KZ equation for 

short) is the differential equation 

r)C A R 

(KZ) a^H = (^ + ^)-«(-) ' 

where G{u) is an analytic function in complex variable u with values in where 
'analytic' means each of whose coefficient is analytic. 

The equation (KZ) has singularities only at 0, 1 and oo. Let C be the comple- 
ment of the union of the real half-lines (— oo, 0] and [1, +oo) in the complex plane. 
This is a simply-connected domain. The equation (KZ) has a unique analytic so- 
lution on C having a specified value at any given points on C. Moreover, for the 
singular points and 1, there exist unique solutions Go(u) and Gi{u) of (KZ) such 
that 

Go(u) f^u^ [u^ 0), Gi[u) « (1 - uf {u 1), 
where « means that Gq{u) ■ (resp. Gi{u) ■ (1 — u)^^) has an analytic con- 
tinuation in a neighborhood of (resp. 1) with value 1 at (resp. 1). Here, 
:= exp{Alogu) := 1 + ^ + + -I- • • • and logu := f in C. 

In the same way, (1 — u)^ is well-defined on C. Since Go(m) and Gi(u) are both 
non-zero unique solutions of (KZ) with the specified asymptotic behaviors, they 
must coincide with each other up to multiplication from the right by an invertible 
element of A^. 

Definition 1.13. The Drinfel'd associator ^ is the element ^kz[A^ B) of A'^ which 
is defined by 

Go{u)^Gi{u)-^Kz[A,B) . 

By considering on (Af^,)"'', the abelianization of A^, we easily find that ^kz{A, B) 
1 on (Aq)"''. We note that MZV's appear at each coefficient of the Drinfel'd asso- 
ciator ^Kz{A, B). For its explicit formulae, see |F0| Proposition 3.2.3. 



This is a special case of the KZ equation for pi(C)\{0, 1, oo} in fRasl . 
^To be precise, Drinfel'd defined ipKzi^t B) instead of ^xzi^: B) in IDrl . where tfxzi^^ B) 

-f^ V 2771 ' ZTTl 
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2. p-ADIC MULTIPLE POLYLOGARITHMS AND p-ADIC MULTIPLE ZETA VALUES 

In this section, we shall give the definition of p-adic multiple polylogarithms 
f i)2.2|l and p-adic multiple zeta values f ii2.3|) and state main results in ^2.31 which 
will be proved in ^ The reader will find interesting analogies between ijl.ll and 

E31 

2.1. Review of Coleman's p-adic iterated integration theory. We will review 
the p-adic iterated integration theory by R. Coleman [0], following A. Besser's 
reformulation in |Besl| . This theory will be employed in the analytic continuation 
of p-adic multiple polylogarithms in ii2.3l For other nice expositions of his theory, 
see Pes2| S5. |2r|§2.2.1 and |CdS|S2. 

Assumption 2.1. Suppose that X/Ocp is a smooth projective and surjective 
scheme over the ring Oc of integers of Cp, of relative dimension 1 with its generic 
fiber Xc^ and its special fiber Ap-. Let Y = X ~ D where Z? is a closed subscheme 
of X which is relatively etale over Ocp ■ 

We denote j : ^ Ajy to be the associated open embedding, where Yp^ is 
the special fiber of Y and denote the finite set X(Fp) — Y{Fp) by {ei, • • • , es}. For 
^ r < 1, Ur stands for the rigid analytic space ^ obtained by removing all closed 
discs of radius r around ci from A(Cp) (1 ^ i ^ s) (see |Besl| V For a subset 
S C A(Fp), we denote its tubular neighborhood (see |Ber| ) in A(Cp) by ]S[. For 
any rigid analytic space W ^ we mean by A(H^) the ring of global sections of the 
sheaf of rigid analytic functions on W . 

Fix a G Cp. It determines a branch of p-adic logarithm log"" : C^ Cp 
(pesl Definition 2.6) which is characterized by log°'{p) — a. We call this a G Cp 
the branch parameter of p-adic logarithm. Define 

where 

(A{]x[) x€Y(f;), 
A'^ (U ) ■= < / \ r 1 

■ |ind-limAna;[ nuA log^iz^) x e {ei, • • • , ej, 

ni,^{U,) Al,^{U,)dz, . 

Here Zx means a local parameter 

: ]x[ ny(Cp) ^ {z 6 Cp I < |z|p < 1}. 

We note that log"'{zx) is a locally analytic function defined on ]x[ nF(Cp) whose 

derivation is — and it is transcendental over ind-limA( ]a;[ OUr ) and ind-lim^l ]x[ n?7. 



1 V / r-*l V 



{n— oo >l 
f{z) — Yl, o.nz"' (a„ e Cp) converging for r < \z\p < 1 for some < r < 1 ^ 
n— — oo ^ 

(see |Besl| ) . We remark that these definitions of Af^^ {Ux ) and flf^g {Ux ) are indepen- 
dent of any choice of local parameters Zx ■ By taking a component- wise derivative, 
we obtain a Cp-hnear map d : A^^^ ^loc- Regard A^ :— r{]X^[,j^O]x^[) and 



■^As is explained in IBeslI §2, while the definition of Ur depends on the choice of 'local lifts', 
the definitions of A'^^^(Ux) and ^f^g^^^) (^^^ below) do not. 
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fi^ :— T{]X^[,j'^fl}j^ r) to be a subspace of Af^^ and Q^^^ respectively (for j\ see 

P I Fp L 

Eil). 

In 12], Coleman constructed an ^'''-subalgebra A^^j of Af^^, which we call the 
ring of Coleman functions attached to a branch parameter a e Cp, and a Cp-linear 

'^^P /(a) • ^Coi ® ^Coi / Cp • 1 satisfying d o J^^^ = idA-^^^mu which 

we call the p-adic (Coleman) integration attached to a branch parameter a £ Cp. 
We often drop the subscript (^^y 

Actually Coleman's p-adic integration theory is essentially independent of any 
choice of branches, which may not be well-known, and we will try to explain this 
fact below: 

Suppose that a,b G Cp. Consider the isomorphisms to,b : A^^^ ^ A^^^ and Ta,b ■ 
^Soc ~* ^loc obtained by replacing each log°'{zei) by log^{zei) for 1 < i < s. 

Lemma 2.2. These maps, La.t o-nd Ta^b, OuTR independent of any choice of a local 
parameter z^^ ■ 

Proof . Suppose that z'^. is another local parameter. Then we check easily that 

'•o,&(4i) = 4,) ''a,b{log°-{z'^J) = log^{z'^.) and Ta,b{dz'^J = dz'^. because log°-{^) is 
analytic at Ci, from which it follows the lemma. □ 

The following branch independency principle, which was not stated explicitly 
in 121, should be one of the important properties of Coleman's p-adic integration 
theory, but this principle just follows directly from his construction of Aq^j. 

Proposition 2.3 (Branch Independency Principle). Suppose that a,b G Cp. Then 

'-a,fc(^Col) = ^Col' ^a,6(^Col®^^) = ^001"^^^ and ia^^ j f^^-^ = /(fc) °'^a,f> modCp-1. 

Namely the following diagram is commutative. 

At At 

/(a) /(!,) 

"^Col / ■ 1 ' * "^Col / ■ 1 

Proof . It follows directly because both (^coi'/(6)) ^nd (10,6(^^^1), ia^b" /(^) "^a^l) 
satisfies the same axioms (A)-(F) of logarithmic F-crystals on |2] (see also |CdS| V 
which is a characterization of (Aq^^ , J^^^^ ) . □ 

Other important properties of Coleman's functions are the uniqueness principle 
and the functorial property below. 

Proposition 2.4 (Uniqueness Principle ; 0Ch IV). Let a G Cp. Let f E A'^^^ 
be a Coleman function which is defined on an admissible open subset U of X{Cp). 
Suppose that f\u = 0. Then f = on X{Cp). 

Especially this proposition yields the fact that a locally constant Coleman func- 
tion is globally constant. 

Proposition 2.5 (Functorial Property ; [^Theorem 5.11 and |Bes2| Definition 4.7). 
Let a e Cp. Let (X',Y') be another pair satisfying Assumvtion \2. l{ Suppose that 
f : X' X is a morphism defined over Ocp such that f{Y') C Y. Then the 
pull-back morphism : A^^^ — > A[2^. induces the morphism f* : Aq^j ^coi '^f 
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rings of Coleman functions, where A[^^ (resp. A'^^^) stands for Af^^ (resp. A'^^^) 
for 

Precisely speaking, Coleman showed this theorem in more general situation in 
P Theorem 5.1. 

Notation 2.6. Let a G Cp and uj G ^coi ® Then by Coleman's integration 

At 

theory, there exists (uniquely modulo constant) a Coleman function F^^ such that 
J UJ = (modulo constant). For x, y e]Y{Fp)[, we define /J w to be Fi^{y)—Fi^{x). 
It is clear that /J uj does not depend on any choice of F^ (although it may depend 
on a G Cp). If Fuj{x) and Fuj{y) make sense for some x, y G X{Cp), we also denote 
Fuj{y)—Fui{x) hy i^- When we let y vary, we regard /J uj as the Coleman function 
which is characterized by dF^^ — uj and F^{x) = 0. 

2.2. Analytic continuation of p-adic multiple polylogarithms. We will de- 
fine p-adic multiple polylogarithms to be Coleman functions which admits an ex- 
pansion around similar to the complex case. 

Let ki, - ■ ■ , fcm G N and z G Cp. Consider the following series 

(2.1) Lz,,,..,,.„(z)= J2 



0<ni<---<n„"l' ■ ' ' 

Lemma 2.7. This series Lik-^^... ^k„^{z) converges on the open unit disk D{0 : 1) = 
{z G Cp I \z\p < 1} around with radius 1. 

Proof . Easy. □ 
Lemma 2.8. Let z G Cp such that \z\p < 1. Then 

d r ■ / \ ] T^iki,... .k^-i{z) k,n7^l, 

[— ■'^«fei,---,fe„_i(2) Km = 1, 

—Lii{z) = 

dz 1 — z 

Proof . It follows from a direct calculation. □ 

Lemma f2. 71 and Lemma [2.81 are p-adic analogue of Lemma f 1.31 and Lemma fl. 41 
respectively. 

From now on, we fix a branch parameter a G Cp and employ Coleman's p-adic 
integration theory attached to this branch parameter a G Cp for X = Pq^ and 

Y = SpecOc,[t,\,j^,]. 

Definition 2.9. We define recursively the (one variable) p-adic multiple polyloga- 
rithm (p-adic MPL for short) Li"^ ... j, (z) G A^^^ attached to a G Cp which is the 
Coleman function characterized below: 



U\{z) = ~log^{l - z) := - 



dt 



- t 



Remark 2.10. (1) It is easy to see that Li'^ ^, {z) — ^ 

' " 0<ni<---<n„ 

if \z\p < 1. 
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(2) Because we get ^ ^coi ^^'^ know that Li^^ ... ^.^(z) is analytic 
on \z\p < 1 and takes value at z = 0, it is easy to see that each p-adic 
MPL is well defined in A^^^ 

(3) Our construction of p-adic MPL is just a multiple analogue of Coleman's 
construction [C] of p-adic polylogarithm £k{z)- His p-adic polylogarithm 
£k{z) can be written as Li'^[z) in our notation. 

The following is a p-adic version of Lemnia ll.51 

Proposition 2.11. The p-adic MPL Li'^ ... ^ {t) is locally analytic on P^{Cp)\{l,oo}. 

More precisely, Li^^^... ^^Jt) \]o[^ MMlLi'l^,,, ,^Jt) A{]l[)[log-{t - 1)] and 
L't„-,kJ*) [oo[^M]oo[)[log-Cj)]. 

Proof . By construction, we can prove the claim inductively. □ 

This proposition means that the series (|2.1() can be analytically continued to 
P^(Cp)\{l, oo}, although the complex MPL cannot be analytically continued to 

P^(C)\{0, 1, oo} but only to its universal unramified covering pi(C)\{0, 1, oo} in- 
stead by Lemma 11.51 We note that the p-adic MPL admits uncountably infinite 
branches which correspond to branches of p-adic logarithms log°'{z) although com- 
plex MPL admits countably infinite branches. We call Li'^_^ ... j, (z) the branch of 
p-adic MPL corresponding to a G Cp. 

2.3. p-adic multiple zeta values and main results. We will state main results 
of this paper, whose proof will be given in H3.3l and ^'dA\ and will introduce p-adic 
multiple zeta values, whose definitions themselves are highly non-trivial. 

Notation 2.12. Let a E Cp and let f{z) be a function defined on Cp. Wc denote 
lim'/(z) to be lim f{zn) if this limit converges to the same value for any sequence 

2 — >a n — ^oo 

which satisfies z„ ^ a in Cp and e(Qp(zi, Z2, - • ■ )/Qp) < oo (which means 
that the field generated by zi , Z2 , • ' ■ over Qp is a finitely ramified (possibly infinite) 
extension field over Qp). If the latter limit converges (resp. does not converge) to 
the same value, we call lim'/(z) converges (resp. diverges). 

z — >a 

Theorem 2.13. Fix ki, ■ ■ ■ , km G N and a prime p. Then the statement whether 
lira' Lz^^ ... fe^(z) converges or diverges ^ on Cp is independent of any choice 
zeCp-{i} 

of branch parameter a G Cp. Moreover if it converges on Cp, this limit value is 
independent of any choice of branch parameter a € Cp . 

Proof . Since Lz^ ... j, (z) is locally analytic on P^(Cp)\{l, cx)} by Proposition 
12.111 its v4"Q^(]l[)-component can be written as follows. 

Ltl,.. ,kjz) =/o(z - 1) + /i(z - l)/o5''(z - 1) + /2(z - l){log^{z - l)f 
+ + /™(z-l)(;o.9"(z-l))'", 

where fi{z) G A{D{0 : 1)) for i = 0, ••• ,m. By Proposition 12.31 we see that 
these fi{z)''s are independent of any choice of branch parameter a G Cp. Saying 
lirn'Lz^^ (^) converges is equivalent to saying /^(O) = for all i = 1, • • • , m by 

^This makes sense because p-adic MPL's are locally analytic on P^(Cp)\{l, oo} by Proposition 
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Lemma 12.141 and Lemma 12.151 which is a statement independent of any choice 
of branch parameter a G Cp. Thus we get the first half of this theorem. If 
hin'Lz^^ ... k^{z) converges, then Uni'Li^^ ... ^^(z) — /o(0). Since fo{z) was in- 
dependent of any choice of branches, the second half of this theorem follows. □ 

Lemma 2.14. For n^Q, \im' eilog^ey- = 0. 
Proof . If n = 0, it is clear. 

If n = 1, suppose that e„ G i {n ^ 1) and e„ — > as n — > oo, where L is a finitely 
ramified (possibly infinite) extension of Qp with ramification index eL(< oo) and a 
uniformizer tt^. Take € N such that p'^^ > e^. Decompose e„ — ■ tt^" where 
Un G and r„ G Z. Take s„ S N such that (s„,p) = 1 and u*" = 1 mod ttlOl- 
Put a„ := <" - 1 e ttlOl- Then = (1 + a„)P^^ = 1 + af^ = 1 

mod pOc,. Therefore log'^Un = ^^log''{ufr'''" ) e ^Oc,- So we get 

lim enlog°'tn — lim {enlog'^Un + eni"nlcig°'TTL} ~ lim e„Zo(7°u„ = 0. 

n — >oo n — >oo n — ^cxd 

In a similar way, we can prove the case for n > 1. □ 

; J, 

Lemma 2.15. Let a G Cp, I ^ and g(z) — ^ ak(log°'{z)^ (a^ G Cpj. T/ien 
Mm' g{z) converges if and only if — for 1 ^ k ^ I. 

Proof . Take z„ = a" such that \a\p < 1 and log°'{a) ^ 0. Then we get the claim 
by an easy calculation. □ 

Remark 2.16. (1) As for another proof of the last statement of Theorem l2.13l 
for fcm > 1, see Remark 13.291 
(2) It is striking that lim'Li^^ ... (1 — e) does not depend on any choice of 

branch parameter a G Cp although Lif,_^ ... ^ (1 — e) takes whole vales on 
Cp if we fix e (0 < |e|p < 1) and let a vary on Cp. 

Definition 2.17. For any index (fci,-- - , fcm) whose lirn'Lz^^ ... (z) converges, 

we define the corresponding p-adic multiple zeta vale (p-adic MZV for short) Cp(fci, • • • , ^m) 
to be its limit in Cp, i.e. 

(p(fci, • ■ • , fcm) := lirn' Li1_^ ... j^^{z) G Cp if it converges. 

2eCp-{i} 

If this limit diverges for (fci, • • ■ , km), we do not give a definition of the correspond- 
ing p-adic MZV Cp(^i, • ■ ' ,km)- 

We note that this definition of p-adic MZV is independent of any choice of 
branches by Theorem 12. 131 

Theorem 2.18. If km > 1, lira' Lz^^ ... (z) always converges on Cp. 

zeCp-{i} 

Thus we get a definition of p-adic MZV Cp(^1j ' ' ' i ^m) for k„i > 1- This theorem 
is a p-adic analogue of Lemma IT"^ and it will be proved in ti3.3l 
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Examples 2.19. Coleman made the following calculation in [2] (stated in Ch I 
(4) and proved in Ch VII): 

(2.2) \im' LC(z) = — Lp(n,wi-") for n > 1. 

z^l p" — 1 

Here Lp is the Kubota-Leopoldt p-adic L-function and u; is the Teichmiiller charac- 
ter. In particular this formula l|2.2|l shows that this limit value is actually indepen- 
dent of any choice of branch parameter a G Cp although this fact is a special case 
of Theorem l2.13l We remark that, in the case of p-adic polylogarithms, this branch 
independency also follows from the so-called distribution relation ([C] Proposition 
6.1). By lE21), we get 

(2.3) forn>l. 

(a) When n is even (i.e. n = 2k for some k ^ 1), by (|2.3|l we get the equality 

Cp{2k) = 0. 

We will see that this equality proved arithmetically here will be also deduced 
from geometric identities, 2-cycle relation and 3-cycle relation, among p- 
adic MZV's, proved in [f5] . 

(b) On the other hand, when n is odd (i.e. n = 2fc + 1 for some fc ^ 0), it does 
not look so easy to show C,p{2k + 1) ^Q: 

Suppose that p is an odd prime. Then by |KNQ| Theorem 3.1, we see that 
saying Lp{2k -f l,uj~'^'^) 7^ is equivalent to saying 

(Wi) iJ„2t(Z,Qp/Zp(-fc)) = 0, 

which is one of standard conjectures ^ in Iwasawa theory and a higher 
version of Leopoldt conjecture (cf. |KNQ| Remark 3.2. (ii)). 

Remark 2.20. (i) We know that Cp{2k + 1) 7^ in the case where p is regular 
or (p-l)|2fcby |Sou,§3.3. 
(ii) Suppose that p is an odd prime. Let G denote the standard Iwasawa 
module for Q(/^poo)/Q (fip^: the group of roots of unity whose order 

is a power of p), i.e. G — tti (Z[/ipoo,-]j . Let / denote the iner- 
tia subgroup of the unique prime p in Q(/ipoo) which is above p. Soule 
|Souj constructed a specific non-zero element Xp°m° £ Hom (G, Zp(m)) for 
m ^ 1: odd. Let Q denote the standard Iwasawa module for Qp(/ip°o)/Qp, 
i.e. G = TTi (Qp(/J.p°o ))^''^'^. Let T denote the inertia subgroup of Q. For 
m ^ 1, the Coates- Wiles homomorphism gives a specific non-zero element 
Xp m £ Hom {I, Zp(m)). Coleman — using his reciprocity law — showed the 
following formula for all odd m > 1 (see |KNQ| ): 

(2.4) o r = (p—i - 1) • Lp{m, lo^-^) ■ x^,^. 

Here r is the natural (surjective) map r : I ^ I. By (|2.4(l . we get the 
following statement in algebraic number theory which is equivalent to saying 
Cp(2fc 4- 1) 7^ (or, equivalently, ( |L2fc+i| ) ): 

(P2fc+i) the prime ideal p ramify in the kernel field of Xp°m''- 



^In |KJNQ| , (L2fe+i) was denoted by (Cfc). 
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The author guesses more generally that problems on p-adic MZV's related 
to p-adic transcendental number theory (such as the problem of proving 
the p-adic version Cp(3) ^ Q of Apery's result) could be translated into 
problems in algebraic number theory. 

As for a p-adic analogue of Lemma ll.71 at present, we have nothing to say except 
the following. 

Note 2.21. The limit lim' Li^^ ... j, (z) sometimes converges and sometimes 

zeCj,-{i} 
diverges on Cp for km — 1- 

For example, see Example 12 .231 fa) and (b) below. 

Theorem 2.22. Suppose that lirn' Li^^ ... ^^^(2) converges on Cp for km — 1- 

zeCp-{i} 

Then it converges to a p-adic version of the regularized MZV, i.e. 

Cp{ki, ■■■ , km-i, 1) = {-l)"'Ip{W) where W = BA'^—'-^B ■ ■ ■ A'^'-^B. 

See E^for Ip{W) and Remark ESU 2) for the regularized p-adic MZV. This 
theorem will be proved in W^.4\ Therefore p-adic MZV Cpi^i, - ■ ■ , ^m) for km — 1 
can be written as a Q-linear combination of p-adic MZV's corresponding to the 
same weight indexes with fc„j > 1. 

Examples 2.23. (a) lim'Li" ^(z) converges to -2Cp(l, 2), i.e. Cp(2, 1) = -2Cp(l, 2). 

2— >i ' 

This follows from the functional equation in Example 13.411 fa). Cp(2) = 
by Example l2.19l fa') and Lemma 1^.141 

(b) lim Lig i{z) diverges if and only if Cb(3) 7^ (equivalently if and only if p 

satisfies the 3rd Leopoldt conjecture (L3) above). 

Suppose that 3rd Leopoldt conjecture (L3) fails at a prime p. Then we 
get Cp(3, 1) = ^2(^p(l, 3) — Cp(2, 2) for this prime p. This follows from the 
functional equation in Example l3.41l fbl combined with Lemma 12.141 

(c) We will show many identities between p-adic MZV's in F3 , from which 
we will deduce, for example, Cp(3) — Cp(l;2) and Cp(l,3) — Cp(2,2) = 
Cp(l,l,2) = 0. 

Remark 2.24. The author guesses that to know whether lirn' LzJ!^ ... j, (z) 

2eCp-{i} 

converges or diverges might be to tell something deep in number theory, such as 
Example |n!2Sl(b). 

Those p-adic MZV's were defined to be elements of Cp, but actually we can say 
more. 

Theorem 2.25. All p-adic MZV's are p-adic numbers, i.e. Cpi^i, • ■ ■ , km) G Qp- 

Proof . Suppose that lim' Li^^ ... j, (z) converges. Recall that p-adic MPL 
2eCp-{i} 

••■ fe (z) {a E Cp) is an iterated integral of ^ a-nd which is a rational 1- 
form defined over Qp and notice that Li^ ... ^ (z) E Qp for all z E pZp. Then from 
the Galois equivariancy stated in |BdJ| Remark 2.3, it follows that ii^^ ... j. (z) 
is G'aZ(Qp/Qp)-invariant for z E P^(Qp)\{l, 00} if we take a E Qp. Therefore 
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in this case, we get Lz^^ ... ^.^(2) G Qp for z E P^(Qp)\{l, 00}. Thus we get 
hm Lit ... I. (z) G Qp, which yields the theorem (Recall that this limit is 

z&Qp-{l} 

independent of any choice of branch parameter a G Cp by Theorem I2.13|l . □ 

It may be better to say that this theorem is a p-adic version of Lemma ll.9l The 
author poses the following question, which he wants to study in the future. 

Question 2.26. Are all p-adic MZV's p-adic integers? Namely Cp(fci, •' ' ;^m) S Zp 
for all primes p? 

Definition 2.27. For each natural number w, let be the finite dimensional 
Q-linear subspace of Qp generated by all p-adic MZV's of indices with weight w, 
and put Zq^-* = Q. Define to be the formal direct sum of Z^^ for all w > 0: 

By Theorem l2.22l we see that Zw^ — (Cp(fci, ■ • • , fcm) | fci + • ■ ■ + fc,„ = /c,„ > 
l,m G N)q C Qp 

Theorem 2.28. The graded Q-vector space has a structure of Q-algebra, i.e. z\f^ ■ 
Zi'^ czi^_^,fora,b^0. 

This is a p-adic analogue of Proposition II. Ill whose proof will be given in i )^14l 
Unfortunately we do not have such a simple proof as Proposition II . 1 ll Our proof 
is based on showing the shufFle product formulae fCorollarv l3.46() coming from the 
shuffle-like multiplication of iterated integrals, from which it follows, for example, 

Cpim) ■ Cp{n) = ^ ^ jCp(m-i,n + «) + ^ I ^ ~^ -^^pin- j,m + j). 

In |BF| ■ we shall discuss the harmonic product formulae jHj coming from the shuffle- 
like multiplication of series in Definition ll.il from which it should follow, for exam- 
ple, 

Cp(m) ■ (p{n) = Cp{m,n) + C,p{n, m) + (p{jn + n). 

We note that the validity of the harmonic product formulae for p-adic MZV's is 
non-trivial because we do not have a series expansion of p-adic MZV such as SJU] 

Remark 2.29. Here is another direction of further possible developments of our 
theory of p-adic MZV's. Since the p-adic L-function is related to the Bernoulli 
numbers, the author expects that the multiple Bernoulli number (MBN for short) 

given by the following generating series 

(l_e-^)™ -Z^ " nl 

^ ' n=0 

where Li\^^... .k^{z^ and means the following formal power series 

00 ,„ 



<■ < 



n ^ ^ ^ rL^ ' ■ ■ Tlrn^ n ^ 
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respectively, would help to describe a p-adic behavior of p-adic MZV's and con- 
structions of p-adic multiple zeta (or L-)functions. We remark that this definition 
of MBN is just a multiple version of that of the poly-Bernoulli number in 'AK' and 
|Kan| (especially is the usual Bernoulli number). We stress that the definition 
of MBN is independent of any prime p. 



3. The p-ADic KZ equation 

In this section, we will introduce and consider the p-adic KZ equation. We will 
give the definition of the p-adic Drinfel'd associator ^^^.^{A, B) in ti3.1l In ii3.2l 
(resp. H3.3|l . we will give an explicit formula of a certain fundamental solution 
Gq{z) of the p-adic KZ equation (resp. an explicit formula of ^^^{A, B)). In t|3.4l 
we will show the functional equation among p-adic MPL's and will give proofs of 
Theorem TTT^ and Theorem TTM 



3.1. The p-adic Drinfel'd associator. 

Notation 3.1. Let A'^^ = Cp{{A, B)) be the non-commutative formal power series 
ring with Cp-coefhcients generated by two elements A and B. 

Definition 3.2. The (formal) p-adic Knizhnik-Zamolodchikov equation (p-adic KZ 
equation for short) is the differential equation 

FiG A R 

(KZ.) + ' 

where G{u) is an analytic function in variable u G P^(Cp)\{0, 1, cxd} with values in 
where 'analytic' means each of whose coefficient is locally p-adic analytic. 

Unfortunately, because (Cp)\{0, 1, cxd} is topologically totally disconnected, 
the equation (KZ^) does not have a unique solution on P^(Cp)\{0, 1, oo} even 
locally as in the complex analytic function case. But fortunately we get the following 
nice property on Coleman functions. 

Theorem 3.3. Fix a g Cp. Then there exists a unique (invertible) solution 
Gq(u) e ^coi^^Cp (K2P) which is defined and locally analytic on P^(Cp)\{0, 1, oo} 
and satisfies Gg(u) ~ (u 0). 

Here 1 + l29lp^A+ ('°g°("))' yl2 + ... and G^{u) ^ {u ^ 0) means that 

the Af„g(]0[)®A^^ -component of P'^iu) := G^{u) ■ u-^ = Gg(w) • |l - i^SlHyl + 
(iogi^^2 _ ('°g°("))' A3 ^ . . . I ligg 1 ^ A{]0[)M^^ ■ A + A{]0[)M^^ ■ B and 
takes value 1 e AC^ at w = 0. 

Lemma 3.4. Fix a G Cp. Let G{u) and H{u) he solutions of (KZP) in A^^jCSAq . 
Suppose that H{u) is invertible. Then H(u)^^G(u) is a constant function, i.e. an 
element of Aq^ . 
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Proof . 

^H(u)-^G{u) = -H{u)-^ ■ ^H{u) ■ H{u)-^G{u) + H{u)-^^G{u) 
du du du 

= -H{u)-\- + -^)H{u) ■ H{u)-^G{u) + H{u)-\- + -^)G{u) 

U M — 1 M U — 1 

= -H{u)-\- + -^)G(u) + H{u)-\- + -^)G{u) = . 
uu— 1 u u ~ 1 

Therefore H{u)^^G{u) G A'}^^^®A'^ is constant by Proposition l2.4l 



□ 



Proof of Theorem 1^ 

Uniqueness: Suppose that Hq(u) is another solution satisfying above properties. 
Then Hq{u) is invertible (i.e. Hg{u) G (^coi®^Cp)^) because it follows easily that 
its constant term is 1 € ^coi- Lemma there exists a unique 'constant' series 
c S A^^ such that Gq{u) = Hg{u) ■ c. By the assumption, we get • c • u^^ 1 
as M — > 0, from which we can deduce c — I. 

Existence: By substituting G{u) = P{u) ■ into (KZ^), we get 



(3.1) 



— (w) = -,P{u) 
du lu 



B 



u-1 



P{u) 



By expanding P{u) = 1 + ^ Pw{u)W , we obtain the following differential 

VK:words 

equation from H3.1|l : 



dPw 



du 
dPw 



du 
dPw 



du 
dPw 



du 
dPw 



du 
dPw 



du 



-Pw'a{u) - -Paw'{u) 
u u 

-Pw'b{u) 
u 

—Pbw'{u) H ^Pw'Aiu) 



u-1 



1 



u- 1 


1 

u- 1 



Pw'b{u) 



\iW ^ AW' A {W' e A^), 
if = AW'B {W' e A^), 
ilW ^ BW'A {W' e A^), 
if BW'B {W' e A^), 
ilW = A, 
\iW = B. 



Since ^ and lie in Al^^^®^!^ and are defined and locally analytic on P^(Cp)\{0, 1, 
we can construct inductively a unique solution Pq{u) = 1 + ^ Powi''^)^ 

H^:words 

(|3.1|) such that each Pq ^y(u) satisfy the above differential equation, lies in A^^^, 
is defined and locally analytic on P^ (Cp)\{0, 1, oo} and P^{0) — 0. By putting 
Gq{u) = Po{u) ■ u"^, we get a required solution in Theorem 13. 31 □ 

Proposition 3.5. Let a,b ^ Cp. Then ia,fc(Gg) = Gq. 

Proof . This follows from the unique characterization of Gq in Theorem 13. 31 □ 

Proposition 3.6. Fix a G Cp, zq G P^(Cp)\{0, 1, oo} and go £ A'^ . Then there 
exists a unique solution H'^(u) G Aq^^®A'^ of (KZ^) which satisfies H°'{zq) = go. 
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Here ^coi'^^Cp rneans the non- commutative two variable formal power series ring 
with A-^^^- coefficients, i.e. A'^^i^A^^ = A^^^{{A, B)) . 

Proof . This immediately follows from Lemma 13.41 bv taking H°^{u) = Gg(u) ■ 
Gg(zo)-^-ffo. □ 
Proposition 3.7. Fix a € Cp. Then there exists a unique solution G1{u) G 
^Coi^^c °f (KZP) which is locally analytic on P^(Cp)\{0, 1, cxd} and satisfies 
Gl{u) K {\ - u)B (u^l). 

Here the meanings of notations (1 — m)^ and G1{u) k, [\ — u)^ {u ^ 1) are 
similar to those of and Gq{u) ^ {u ^ 0) in Theorem 13.31 

Proof . By a similar argument to Theorem l3.3l we get the claim. □ 

Proposition 3.8. G1{u) = Gg(B, A){1 - u). 

Here for any g £ A^ , g{B,A) stands for the image of g by the automorphism 
A'^ induced from A i-^ B, B i-^ A and, for f{u) S A^^^, /(I — u) means its image 

by the algebra homomorphism : Af^^ — > Af^^ induced from the automorphism 
T-.t^l-tof pi(Cp)\{0, 1, oo}. 

Proof . By the functorial property of Coleman functions f ProDOsition l2 . 5(1 . t^A'^^^) C 
Aqqj. Therefore the proposition follows immediately from the uniqueness of G°(m) 
because Gq{B, A){1 — u) lies in A^^^^C^A^ , satisfies (KZ^) and admits the same 
asymptotic behavior to that of Gi{u) at u = 1. □ 

Remark 3.9. As in the same way as the above proof of the uniqueness on Theo- 
rem we see that Gq(u) and G°(u) are both invertible and they must coincide 
with each other up to a multiplication from the right by an invertible element 
^^^^f{A,B) £ A^^ = Cp{{A,B)) (which is independent of u e PnCp)\{0, l,oo}). 
Namely 

GUu)^GUu)-'pPfiAB). 

Theorem 3.10. Actually $^^''(^, _B) is independent of any choice of branch pa- 
rameter a £ C„. 



Proof . Put zq £ 



P1^\{0,1,^} . Since P^\{0,l,c^} 



is a branch independent 



region, the special value of Gg (u) at u = zq actually does not depend on any choice 
of branch parameter a £ Cp. Similarly we see that the value of G°(u) at u = zq does 

not depend on any choice of branch parameter. Therefore $^^''(^7 B) — Gi{zo)~^ ■ 
Gq{zo) is actually independent of any choice of branch parameter a £ Cp. □ 

Remark 3.11. We have another proof of Theorem l3.1UI Put a. b £ Cp. Then we 
get La.b{G^{u)) = Gl{u) and La.b{G1{u)) = G\{u) by PropositionEl Therefore we 
get LaM^Kz") - ^KZ^ which implies <^Pf = ^kz" because ^^l^^" and £ 

Definition 3.12. The p-adic Drinfel'd associator ^^j^^{A,B) is the element of 
Cp((A,S))'<, which is defined by Gg(u) = G?(u) • ^^.^(A,^). 

Remark 3.13. (1) This definition of the p-adic Drinfel'd associator $^2(^7 ^) 
is independent of m G P^(Cp)\{0, l,oo} by Remark 13.91 and any choice of 
branch parameter a £ Cp by Theorem 13. lUI 
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(2) In we will see that each coefBcient of ^^^{A, B) can be expressed 
in terms of p-adic MZV's, from which wc know that actually ^^^^{A, B) 
belongs to Qp{{A, B)) by Theorem 

(3) We shall prove many identities, such as 2-, 3- and 5-cycle relation of the 
p-adic Drinfel'd associator ^^^{A, B) in |F3| . 

3.2. Explicit formulae of the fundamental solution of the p-adic KZ equa- 
tion. In this subsection, we will give a calculation to express each coefficient of the 
fundamental solution Gq{z) of the p-adic KZ equation (KZ^). 

Notation 3.14. (1) Let A. = ® A„, = Q{A,B){(Z Ap, ) be the non-commutative 

graded polynomial ring over Q with two variables A and B with degA — 
degB = 1. Here is the homogeneous degree w part of A.. We call 
an element of A. which is a monomial with coefficient 1 by a word. But 
exceptionally we shall not call 1 a word. For each word W, the weight and 
depth of W are as follows. 

wt{W) :— 'the sum of exponents of A and B in 

dp{W) := 'the sum of exponent of B in W 

(2) Put M' = A . -B = {F ■ B\F e A.} which is the Q-linear subspace of 

A.. Note that there is a natural surjection from A. to A. A . A. By 
identifying the latter space with Q ■ 1 + M'{= Q ■ 1 + A . -B) we obtain the 
Q-linear map /' : A. ^ A. ^ A . A ^ Q • 1 -f M' '-^ A.. Abusively we 
denote by /' the Cp-linear map A^ — > A^ induced by /' : A. ^ A.. 

(3) For each word W = B'^" Ap^ B"^^ Ap^ B'^^ ■ ■ ■ /p'^B'^" {k ^ 0, qo ^ 0, p^,q^ ^ 1 
for i ^ 1) in M' , we define 

Li^(z) :=i*i,...i,p^_+ij^...i,p^_^+i, ,i,pi+il,...l(^) S^coi • 

By extending linearly, we get the Q-linear map Li°-{z) : M' ^coi which 
sends each word W in M' to Li'^{z). 

Theorem 3.15 (Explicit Formulae). Put a G Cp. Let G^{z) he the fundamental 
solution of the p-adic KZ equation (KZP) in Theorem Expand Gq{z) = 1 + 

^ Jp{W){z) W . Then each coefficient Jp{W)(z) can he expressed as follows. 

W: words 

(a) When W is in M', J^{W){z) = {~1)'^p^^^ Li'^{z). 

(b) When W is written as VA''{r ^0,V e M'), 

s+f— r 
0<s,OCt 



(c) When W is written as A''{r ^ 0), J^{W){z) 



_ {log-'{z)r 

For the definition of the shuffie product 'o', see |F0| Definition 3.2.2. The proof 
of this theorem will be given in the end of this subsection. 

Lemma 3.16. f{G^{z)) = 1 + J2 JpiW){z) W. 

WeM' -.words 

Proof . Apply /' term by term. □ 
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Lemma 3.17. /'(Gg(z)) = 1 + J2 {-I^p'^^^ Li-^iz) W. 

W^AI^-.words 

Proof . By the p-adic KZ equation, we get the following: 

-^J^{W)iu) = -J^iW')iu) if = AW (W G M'), 

^Ji{W){u) ^ -^Ji{W'){u) iiW ^ BW [W G M'), 

au u — 1 

-^J^(W)(u) = if 1^ = B G M'. 

du P u — 1 

By LemmaESl we see that the family {(-l)'^f (^)Li^(z) G ^coi}weM':words =5^*- 
isfies the above differential equation. The definition of Gq{u) « u"* in The- 
orem 13.31 especially imphes that each Jp{W)[z) G ^^oi ^^o'" ^ ^ 
lytic at 2 = and J^{W){Q) = because /' (Gg(u) • u"-^) = /'(Gg(u)) = 1 + 
X; J^{W){u) W. Therefore by using J^{W){Q) = {-IYp^^^ Li'^{Q) = 0, 

WGM':words 

we obtain inductively the equality J^{W){u) = [-if^^^^ Li'^{u). □ 

By combining Lemma l3 . 1 61 wit h Lemma 13.171 we get Theorem 13. 151 fa'). 

Notation 3.18. Let [[a]] :— A'^ (giCp[[a]] be the one variable formal power 
series ring with coefficients in the non-commutative algebra A'^ . Let : A'^ 

ll'^]] algebra homorphism which sends A, B to A — a, B respectively 

and let 52 • ^CpII"^]] ~^ tie the well-defined Cp-linear map which sends W(E)oi'^ 
to WA'' for each word W and q ^ 0. 

Consider the Cp-linear map 52 ° 5i • ^ ^Cp ■ 

Lemma 3.19. §2 ° g'l ° f = 92 ° 9i- 

Proof . By definition, we get easily ° 9i{^^) — for ^ G ^Cp- '-' 
Lemma 3.20. Gg(z) = 5^ o .gi (/'(Gg(z))) • z^. 



Proof . By Lemma [3. 191 we get 

(3.2) 52°.9i(/'(GSW)) -.g^ffi(QW) • 

Both Gq{A — a,B){u) and u~°'Gq{A, B){u) are solutions of the p-adic differential 
equation ^{u) = (^^^ -I- :;^)G(w) in ^coi'^^Cp [[c^]] ^'^^ satisfies the same as- 
ymptotic behavior G{u) w u'^~" as u ^ 0. Therefore the uniqueness of solution 
of the above p-adic differential equation (which can be shown in a way similar to 
Proposition lT^ . we get Gg(A-a, B){u) = Gg(A, B){u)-u-°', from which it follows 
that 

(3.3) g'2og[{G^,{z))=GUz)-z-^ ■ 

By (ESJl and ^23, we get Gg(z) = 92 o g'l (/'(Gg(z))) ■ z"^. □ 



Therefore we see that P"(z) = 5^ o si (^/'(Gg(z)) j (for P"(z), see the proof of 
Theorem El). 
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Notation 3.21. (i) We define the Q-bilinear inner product <•,•>: A. x A. 
A. by < W, W >:= Sw,W' for each word (or 1) W and W, where 



JW,W' 



1, ifW^W, 
0, ifWj^W, 



(ii) We define F' : A. ^ A. to be the graded Q-linear map which sends each 
word (or 1)W = W'A'' (r ^0,W' € M' or W = 1) to {-lYf'{W' o A''). 
We note that ImF' C M'. 

Lemma 3.22. The linear map F' is the transpose of g'2 ° g'l, i.e. 

< (.92 ° 9i)(}Vi), W2 >=< Wi,F'{W2) > for any words W and W' . 

Proof . In the case when Wi ^ M', it is clear. So we may assume that Wi G M' . 
Denote W2 = W2A'' (r ^ 0, PF^ = 1 or W2 & M'). Then, by a direct computation, 
we deduce elementarily the following 

< {92°9'i){Wi),W2 >=< {g'2og[){Wi),W!2A'' >=< T4^i, (-ir/'(W^2 ° ^0 > • 

□ 

Proof of Theorem 13. 15L By Lemma . 1 71 and Lemma 13.221 we get 

ff2°5i(/'(G[?(z))) =1+ J\W){z)W 

VF:words 

where 

J'{W){z) = i-lfP^^^Lt^iz) ifW e M', 

J'{W)iz) = J'{W'A'-){z) = J' {F'iW'A'^)) (z) = i-iyj' {f'iW o A"-)) (z) 

^ (-l)''P(W/)+r^ -a^^^^^^^^ ^ ^ ^/^r ^ Q, Vt^' G M'), 

J'(VF)(z) = if T4^ = ^'■(r ^ 1). 

By Lemma [3.201 we obtain 

Gg(z) = l+ J2 Jp(W){z)W 

VK: words 

\ Wiwords / \n=0 ' / 

Then, by a direct calculation, we can show the explicit formula in Theorem l3.15l □ 

Notation 3.23. We denote the involution of A^ which exchanges A and B by 
t:A^^A^. 

By Proposition we get 

Lemma 3.24. 

Gl{z) = l+ J2 J^{r{W)){l^z)-W . 

W -.words 
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Examples 3.25. The following is a low degree part of Gq{A, B){z) 



Go(A, B){z) = 1 + {log°-z)A + log°-[l - z)B + 



{log^zf 



■A? - Lil{z)AB 



+ {Lil{z) + {log''z)log''(\ - z)} BA + 



{log-{\-z)Y ^ (log-z)^^. 



Li^{z)A^B + {2Li^{z) + {log''z)Lq{z)} ABA + Li1.^{z)AB'^ 



Liliz) ~ {log-z)Li'i{z) - 



{log^zYlog^il ~ z) 



BA^ + Lq^{z)BAB 



log°'z{log''{l - z)Y 



B'A 



{/og°(l - z)f 
6 



B'' 



3.3. Explicit formulae of the p-adic Drinfel'd associator. In this subsection, 
first we give a proof of Theorem 12.181 and then give an explicit formula to express 
each coefHcient of the p-adic Drinfel'd associator ^^j^^{A,B). The technique em- 
ployed here is essentially a p-adic analogue of that employed in |LM| Appendix 
A. 



Lemma 3.26. 

lim'e-^G;?(e) = 1 . 

eGCp 

Proof . Since P"(u) = Gg(u) • u^^ hes in 74(]0[)«)A^^ and takes value 1 at u = 
by Theorem l3.3l we get an expression P"-{u) = l + uk{u) where k{u) E A{]0[)(E)A'^ 
Thus 

lim'e~'^G[5(e) ==lim'e-'^P"(e)e^ 



e6C 



= lim'l + e • exp{-log''{e)A} ■ k{e) ■ exp{log''{e)A}. 

£GCp 

By taking its word expansion and applying Lemma |2. 141 in each term, we get the 
lemma. □ 

Although limGQ(e)e~^ = 1 by definition and lim'e~"^GQ(e) = 1 by Lemma 
ceCp eeCp 
IT^ lim e-^GSfe) = 1 does not hold. 

eGCp 



Lemma 3.27. 



lim>-^GS(l-e) = ci>^,^(AS) 



eec 



Proof . By Proposition 13.81 and Lemma Hi 261 we get 



lim'e-^G?(l - e) = lim'e-^Gg(B, A){e) = 1 . 

eSCp eeCp 
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Thus 

□ 

It is interesting to compare lim'e^^Gg(l — e) = (f>^„(yl, S) in Lemma Tci . 2 71 with 

e— ►O 

Hm'e-'^G!^(e) = 1 in Lemma IX^ 

Proof of Theorem 12.181 By Lemma [3. 2 71 we obtain 

eeCp \n=0 ' / \ W:words / 

Therefore especially for a word W G A- A., we see that lim' J°(VF)(1 — e) converges 

e— »0 ^ 
eeCp 

to the coefficient of on ^'^^(A, B). Thus for each word W = A'^^^-^B ---A^^-^B 
{h ^ 1) where fc„ > 1 , we can say that lim' JiJ(W^)(l-e) = (-l)™lim'Li^ ... . (1- 

ceCp eeCp 

e) (cf Theorem 13 . 1 51 fa) ) converges. □ 

Notation 3.28. {1} Put M ^ A ■ A . -B = {A ■ F ■ B\F G A.}, which is a 
Q-linear subspace of A.. Note that there is a natural surjection from A. to 

A. y/ {B ■ A. +A . - A). By identifying the latter space with Q ■ 1 + M{= 

Q-l+A-A.-B), we obtain the Q-linear map f : A. ^ A. j {B-A.+A.-A) ^ 

Q • 1 + Af ^ A.. Abusively we denote by / the Cp-linear map A'^^ 
induced by / : A. ^ A.. 
(2) For each word ApiB^Mp^B^^ • ■ ■ A^" B^" {p,,q, ^ 1) in M, we define 

Zp{W) : = lmi'ii^(l - e) 

e6Cp 

= Cp{^2J^-^,Pk + 1, l^^^^,Pfe-i + 1, , + 1) . 

By extending linearly, we get the Q-linear map Zp : M Cp which sends 
each word W in M to Zp{W) G Cp. 

We already know that Zp{W) is independent of any choice of branch parameter 
a G Cp by Theorem 12 . 1 31 and lies in Qp by Theorem 12. 251 

Remark 3.29. By combining Lemma 13.271 with Theorem I3.1UI we get another 
proof of branch independency fTheorem I2.13|) of the value lim' Lit ... (z) 

zeCp-{i} 

for km > 1- 

Theorem 3.30 (Explicit Formulae). Expand thep-adic Drinfel'd associator: ^^^{A, B) 
1 + ^ Ip{W)W . Then each coefficient Ip{W) can he expressed as follows. 

Wiwords 

(a) When W is in M, Ip{W) = {-I^p^^^ Zp{W). 
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(b) When W is written as B'VA'ir, s^O,V e M), 

(c) When W is written as B^A'^{r, s ^ 0), 

The proof of this theorem wiU be given in the end of this subsection. 

Remark 3.31. (1) These exphcit formulae arc the p-adic version of those 
given in |F1| Proposition 3.2.3. 
(2) Suppose that fci ^ 1 and fcm = 1- In the complex case, (— • ■ • A 
(for /(•), see |F1| Proposition 3.2.3) is called the regularized MZV corre- 
sponding to A^^~^B ■ ■ ■ A^'^~^B (just something like a modification of the 
divergent series C,{ki,--- see for example |IKZ| . Therefore we 

may call (-l)'"/p(A''"'"iB • • • A'^i^^B) by the regularized p-adic MZV cor- 
responding to A'''"~^B ■ ■ ■ A^^^^B. 

Lemma 3.32. 

f{<^p^^{A,B)) = i+ hmw. 

W£M:words 

Proof . Apply / term by term. □ 
Lemma 3.33. 

W^Al-.words 

Proof . It follows from Theorem 13. 1 51 fal and Lemma [3. 2 71 □ 

By combining Lemma [3 . 321 and Lemma [3.331 we get Theorem I3.3UI fa) . 

Notation 3.34. Let A^ [[a,/3]] := '§'Cp[[a, /3]] be the two variable formal 
power series ring with coefficients in the non-commutative algebra Aq . Let gi : 
[[ck,/3]] be the algebra homomorphism which sends A, B to A — a, 
B — (3 respectively and let 52 : ^Cp[['^i/^]] ~^ the well-defined Cp-linear 

map which sends W ® a^fi'' to B'^WA^ for each word W and p,q ^ 0. 

Consider the Cp-linear map (72 o 5i ■ ^ • 

Lemma 3.35. g2 ° gi ° f — 92 ° gi- 

Proof . By definition, we get easily 52 ° giiVA) = and g2 o gi{BV) — for 
V eA^ . □ 

Lemma 3.36. $^^(A, B) = ,92 o .gi (/($^^(A B))) . 
Proof . By Lemma [3.351 we get 

(3.4) 52°gi(/Kz(AS)))=52 5i($^z(AS)) . 

Both GQ{A~a,B~P){u) and w""(l - u)"'^Go(A, B){u) are solutions of the p-adic 
differential equation ^{u) = (^ + ^)G(u) in A'^^^^A^ and satisfy the 
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same asymptotic behavior G{u) « u^^°' as u — > 0. By the miiqueness of solutions 
of the above p-adic differential equation (which can be shown in a way similar to 
Proposition 13. 6|l . we get 

Gg(A -a,B- j3){u) = u-°'{l ~ uy^GoiA, B){u). 

Similarly we get 

Gl{A -a,B- I3){u) = ^-"(1 - m)-^Gi(A, B){u). 

Therefore 

Gl{A ~a,B~ /3){u)-^G^{A -a,B- p){u) = G1{A, B){u)-^G^{A, B){u), 
from which it follows that 

^P,^iA-a,B-P) = <i>P,ziA,B). 

Thus we get, 

(3.5) ff2 5iKz(Ai3)) =1>^z(AS). 

From (El and (EU , it follows that $5,^ ( A, B) = o gi (/ ( A, B)) ) . □ 

Notation 3.37. We denote F : A. ^ A. to be the graded Q-linear map which 

sends each word (or 1)W ^ B^'WA" (r, s^O,W' e M or W = 1) to J2 {-1)"+^ f [B'^o 

B^'-^'WA"-^ o A^). We note that ImF C M. 

Lemma 3.38. The linear map F is the transpose 0/ 92 o ffi- 

Proof . By an argument similar to Lemma [3. 2 21 we can prove this lemma. □ 

Proof of Theorem I3.3UL By combining Lemma 13.331 with Lemma 13.361 and 
Lemma 13.381 we can show the explicit formulae in Theorem 13.301 bv an argument 
similar to the proof of Theorem 13. 151 □ 

Examples 3.39. The following is a low degree part of the p-adic Drinfcl'd associ- 
ator (A, B). 

^'^KziA B) = l- Cp{2)AB + Cpi2)BA - Cp{i)A^B + 2Cp{3)ABA 

+ Cp(l, 2)AB^ - Cpi3)BA^ ~ 2Cp(l, 2)BAB + Cpil,2)B^A 

- Cp(4)^^S + 3Cp{A)A^BA + Cp{l,3)A^B^ - 3Cp(4)AB^2 

+ Cp(2, 2)ABAB - (2Cp(l, 3) + Cp(2, 2))AB^A - Cp(l, 1, 2)AB^ 

+ Cp(4)BA3 - (2Cp(l, 3) + Cp(2, 2))BA^B + (4Cp(l, 3) + Cp(2, 2))BABA 

+ 3Cp(l, 1, 2)BAB^ - Cp(l, 3)^2^2 - 3Cp(l, 1, 2)B'^AB 

+ Cp(l,l,2)i?3A+... . 

3.4. Proofs of main results and functional equations among p-adic multi- 
ple polylogarithms. Here we show functional equations among p-adic MPL's in 
Theorem 13.401 and give proofs of Theorem 12 . 221 and Theorem 12. 281 

Theorem 3.40 (Functional Equation among p-adic MPL's). Let W be a word and 
z e pi(Cp)\{0,l,cxj}, then 

j;{W)(\-z)= J2 J^{riW'))iz)-Ip{W") . 

W ,W" -.words 
W^W'W" 
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For Jp, Ip, T, see Theorem 13.151 Theorem 13 . l-iOl and Notation 13.231 respectively. 
This formulae may be regarded as a functional equation among p-adic MPL's be- 
cause Jp{T{W')){z) (resp. Ip{W")) is expressed in terms of p-adic MPL's (resp. 
p-adic MZV's). 

Proof . It follows from G^{A, B){z) ^ G'J(A, B){z) ■ (A, B) and Lemma 

□ 

Examples 3.41. Put a e Cp. 

(a) Take W = BAB. Then we get 

Ltl.il -z) = 2Lq{z) - log-{z)Lq{z) - Cpi2)log^iz) ~ 2Cp(3). 

(b) Take W = BA^B. Then we get 

Lil.il - z) - - 2Lil3iz) - Lil^iz) + log-iz)Lil^{z) 

+ Cp(2)Li^(z) - Cpmog'^iz) - 2Cp(l, 3) - Cp(2, 2). 

(c) Take W = AB. Then we get 

Lz^(l - z) = -Lz^(z) - log''iz)log''il - z) + Cp(2). 

This formula is equal Coleman-Sinnott's functional equation of the p-adic 
dilogarithm ([2] Proposition 6.4. (iii)) because Cp(2) = by Examplc l2.19l fa). 

Proof of Theorem I2.22L By the explicit formulae in Theorem 13.151 and the 

functional equation of p-adic MPL's in Theorem 13 . 401 combined with Lcmma r2.14l 

it is immediate to see that 

lim' J^{W)il- z) = UW) if it converges. 

zeCp-{i} 

Theorem is a special case for W = BA''--^-^B ■ ■ ■ A^'^-^B. □ 

Notation 3.42. (1) Denote the subset of A'^ consisting of formal Lie series 
in A'^ by and its topological commutator by [L^ , ] . We denote 
ea;p (resp. exp [L^ ,Lq ]) to be the subset of consisting of formal 
power series in A'^ which is an exponential of an element in (resp. 

(2) We define the (non-commutative) A^^j-algebra homomorphism 

to be the homomorphism which is deduced from A (A) ~ A®\^1® A and 
A(B) = B + B. 

Proposition 3.43. A($^2) = '^kz^^kz ■ 
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Proof . Put a e Cp. By the following calculations, 

A(Gg(A, B){u)) = Gg(A(^), A(B)) {u) « u^^-^) as m ^ 0, 
dA(Gg(A,i3)) ^ riGg(A(A),A(i3)) ^ 

du au 

^ A(A)^A(S2 

U M — 1 

= (^ + ^)A(GS(Ai.)(.)), 



GS(A^)(w)SGS(A,B)(u) - (G[;(AS)(M)gl) • (l§GS(A,B)(u)l) 

« as u ^ 0, 



d{Gl{A,B){u)®Gl{A,B){u)) d r, ^ . hSr^'^M ru 

+ {Gg(AS)(u)®l} . {l®A(Gg(A,S)(u))} 
= {(^ + ^) ■ G^„{A,B)(u)m} ■ {mGt,{A,B){u)} 

+ {Gg(AB)(ti)Sl} • {lS(^ + . GS(AS)(u)} 

= ( + — )-|GS(A,S)(u)®Gg(AS)H|, 

we see that both A{G^{A,B){u)) and Gg(A, B)(u)§Gg(A, are solutions in 

^Coi (^c ® ) of tti'' p-adic differential equation 

>^<^-^)-<') 

which satisfies H{t) « t^(S)t^ as t ^ 0. Because of the uniqueness of solution 
for above p-adic differential equation (which can be shown in a similar way to 
Proposition 13. 5|l . we get 

A(GS(A,i?)H) = Gg(A,S)(u)gGS(A,i3)(w). 

Similarly we get 

A{GUA,B)iu)) = G1{A,B)iu)^GUAB)iu). 
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Therefore 

A($^^) = a(g?(A, B){u)-' ■ Gg(^, B){u) 

= a(g?(a,s)(u))"'.a(g;5(as)(u) 

= (G1{A,B){u)®G1{A,B){u)y^ ■ (g'^{A, B){u)9jG-o{A B){u)) 
= (g?(A B)iu)-' ■ G^A, B)iu))^{G1iA, B)iu)-' ■ GS(A, B)iu) 



□ 



Lemma 3.44. Put a G Cp. Denote gg(a,/3)(z) and g1{a, (}){z) to be the images of 
Gl{A,B){z) and Gl{A,B){z) by the natural projection A^^^[[a,f3]] 
sending A (resp. B) to a (resp. (3), where AQ^-^\\a^ (3]] is the two variable commu- 
tative formal power series ring with A'^^y- coefficients. Then 

go"(a, P){z) = gl{a, /3)(z) = - zf m A£„i[[a, /?]] . 

Proof . Both g'^{a, 0){z) and — z)^ are solutions in ^^qj[[q!, /?]] of the p-adic 
differential equation 

which satisfy Hit) k, t°' ast ^ Q. By the uniqueness of solution of the above p-adic 
differential equation (which can be shown in a similar way to Proposition 13. we 
get 

g^^{a,p){z)^z"{l~zf. 

Similarly we get 

gl{a,P){z)^z^{l-zf. 

Therefore 

Theorem 3.45. e exp [L^^,L^J. 

Proof . By Proposition \'AA',\\ we see that group-like, which means that 

^^^(A, B) e exp L^^ (see ^ Part I Ch IV §7). It follows from Lemma im that 

^IziA.B) = Gl{A,B){z)-'Gl{A,B){z) e exp [L^^,L^J . □ 

Corollary 3.46 (Shuffle Product Formulae). For each word W and W £ M, 

Zp{W) ■ Zp{W') = Zp{W o w') . 

(v) 

Proof . Consider the graded Q-linear map Ip : A. ^ Z_ which sends each word 

W to Ip{W) e Z^^'^ (for Ip{W), see Theorem ESDI • Then by Proposition E3SI we 
obtain the shuffle product formulae Ip{W) ■ Ip{W') = Ip{W o W') on Qp for each 
word W and W" . By Theorem 13. 3UI we get the corollary. □ 

Proof of Theorem 12.281 It follows immediately from Corollary 13. 461 □ 
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